CROSSING VELOCITIES FOR AN ANNEALED RANDOM WALK IN 

A RANDOM POTENTIAL 



ELENA KOSYGINA AND THOMAS MOUNTFORD 

Abstract. We consider a random walk in an i.i.d. non-negative potential on the d- 
dimensional integer lattice. The walk starts at the origin and is conditioned to hit a 
remote location y on the lattice. We prove that the expected time under the annealed 
path measure needed by the random walk to reach y grows only linearly in the distance 
from y to the origin. In dimension one we show the existence of the asymptotic positive 
speed. 



1. Introduction 

Model description and main results. Let V{z, u), z & Z'^, be i.i.d. random variables 
on a probability space {Q, J-", P), which represent a random potential on Z*^. We assume 
that 

(1.1) V{0, uj) E [0, oo] a.s., P(\/(0, tu) = 0) < 1, and essinf V"(0, tu) = 0. 

Remark 1.1. The last equality is not needed for any of our results and could have been 
simply replaced by the condition F{V{0,u) = oo) < 1. In the case when the potential 
V is bounded away from zero, Theorem 11.11 below becomes very simple (see Section 2.2 
of |Zy09| ). The last assumption makes the situation much more delicate, and we would 
like to emphasize this from the beginning. A good example to have in mind is when 
V{0) e {0, 1, oo}, P(r(0) = 0) > 0, and P(V"(0) = 1) > 0. 

Let be the measure on the space of nearest-neighbor paths on Z*^, which cor- 
responds to a simple symmetric random walk (S'„)„>o that starts at x G Z*^. The 
expectation with respect to will be denoted by E^. Let us fix y G Z'^, y ^ x, and 
set Ty = inf{n > : Sn = y}- For u E fl such that 

define the quenched path measure by 

(1.2) Q^/{A) : = (Z-'-)-iE- (l{,^<^}l^e-S"'-"^(^"'-) 
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The annealed path measure Qy is then given by 

(1.3) g^(A) : = {Z;;)-'EE- (lK<oo}lAe-^-oV(5„,<.)j 

= (Z,-)-^E(g-'-(A)Z-'-;Z-'->0), 

where Zy = EZ^'^. These measures have a natural interpretation in terms of the "killed 
random walk" , which we recall in the next subsection. 

In the continuous setting, namely, for Brownian motion in a Poissonian potential, the 
above path measures were introduced and studied by A.-S. Sznitman (see I^SzQSj and 
references therein), T. Povel ( |Po97j ). M. Wiithrich ( [Wu98j ). In the context of random 
walks, various aspects of these measures were addressed in, for example, |Ze98j . |F108] . 
[Z^ , llVlOaj . 

The rates of decay of the quenched and annealed partition functions, 

(1.4) avih) : = — lim - log Z'f f. (P-a.s.) and 

r—^oo r ' J 

(1.5) I3y{h) : = - lim - log ^.j, h G 

r— >oo T 

known also as the quenched and annealed Lyapunov exponents respectively, are well 
defined (non-random) norms on (see |Ze98j . |F108] . and |KMZ10j : for the existence 
of av{-) it is sufficient to assume that ¥.V < oo). Moreover, by Jensen's inequahty, 
Pv{h) < av{h) for all h G R'^. 

In this paper we consider a random walk under the annealed path measures Qy and 
address the question whether it is ballistic in the sense that the average time it takes 
the walk to hit y, EgoTy, grows linearly in \\y\\ as \\y\\ — j- oo. The same question 
regarding the quenched path measures for Brownian motion in a Poissonian potential 
was positively resolved in ( |Sz95j ). Our main results are contained in the following two 
theorems. 

Theorem 1.1. LetV{z,ijj), z Elf" he i.i.d. underF and satisfy ( li.ij) . Ifd = 1, assume, 
in addition, that 

(1.6) P(\/(0,a;) G (0,oo)) > 0. 
Then there exists a constant C G (0, oo) such that 

lim sup — ip-^ — < C . 

>oo \\y\\ 

Remark 1.2. The condition (11. 6p is necessary: if d = 1 and our potential can take only 
two values, and oo, both with strictly positive probability, then it can be shown that 
under the annealed measure as ?/ — )• oo, the process y~^ S[sy-2]l{sy'2 <Ty}, s > 0, converges 
in law to a Brownian excursion from to 1, killed upon arriving at 1. In particular, 
EQo{Ty)/y converges to infinity as ?/ — ?■ oo. This example runs counter to the "natural 
assumption" that the larger the potential the faster the random walk will achieve its 
target. 

Theorem 1 1 . 1 1 readily leads to the following bound (the proof is given in Section [2]). 
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Corollary 1.1. For every unit vector s G 

d(3x+vis) 



< C. 

A=0+ 



Remark 1.3. The existence of the above derivative follows from the concavity of the 
function A fix-^-v{h) (see jFlOTl Theorem A(b)]). 

In one dimension we can say more. 

Theorem 1.2. Let d= \ and V{z^uj\ z G if" , satisfy the assumptions of Theorem \l.l\ 

Then there exists a constant v G (0, 1) such that 

(1.7) lim -^hllL = 

y-i-oo y V 

Moreover, 



dX 



A=0+ 



"Killed random walk" description of the model. Consider the following Markov 
chain ("killed random walk") on U f, where f is an absorbing state. If the walk is 
at z E Tj'^ then with probability 1 — e"^^^-* it goes to f and otherwise goes to one of 
the 2d nearest-neighbor sites with equal probabilities. We denote by J"^'^ the measure, 
corresponding to this Markov chain starting from x in a fixed environment V{z,u), 
z E Tj'^. Averaging over the environments gives the averaged measure, -P^(-) := EP'^'^(-). 
Let us record the following obvious relations: 

q;;'"(-) = p"'"(- 1 Ty < oo), z^^^ = P^^^Ty < oo); 

Q^(-)=P(-|r,<oo), Z-y=P{Ty<^)- 

(1.9) Qy'''{A\B) = P'^'^^iA \Bn{Ty< oo}). 

The last equality will allow us to use the Markov property of the "killed random walk" 
to do computations under Qy'^. Throughout the paper, when the starting point of a 
random walk is we shall often drop the superscript indicating the starting point. 

Motivation and open problems. There are several connections that motivate our 
interest and make us believe that ballisticity is an important issue. 

Recently, several works ( |F108] . |Zy09| , |IV10a] ) addressed the question about the 
equality of quenched and annealed Lyapunov exponents for small perturbations of a 
constant potential in dimensions four and higher. In particular, it was shown that when 
d > 4 then under mild conditions on the potential for every A > there is a 7* > 
such that for all 7 G (0, 7*) 

(1.10) (3x+^v{-) = ax+^v{-)- 

Recall the already mentioned fact that for A > the random walk under Qy is ballistic. 
Paper |IV10a] . Theorem A, proves a stronger result under even weaker conditions but 
still under the restriction that A > 0. It is certainly an interesting question whether 
fll.lUp and its stronger version can be extended up to A = and whether 7* is locally 
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uniform in A on [0, oo). Such an extension, which is important in its own right, would 
also help to clarify the relationship between the quenched and annealed large deviations 
rate functions for random walks in a random potential. This is the next connection that 
we would like to briefly discuss. 

Random walks in a random potential are more often considered under the condition 
that they survive up to (a large) time n G M (see, for example, |Si95] . |AZ96] . |Kh96] 
and references therein). The corresponding quenched and annealed measures with the 
starting point are 

Q^(-) := P-(- I rt > n)- Q„(-) := P(- | > n). 

It is known ( |Ze98] . jF107] ) that random walks under each of these measures satisfy 
a full large deviation principle and the large deviations rate functions, /(■) and J(-) 
respectively, are given by the relations 

I{h) = snp{ax+v{h) - A); 

A>0 

J{h) = snp{l3x+v{h) - A). 

A>0 

Corollary 11.11 implies, in particular, that for small \\h\\ we have J{h) = f3v{h). A similar 
result holds for I{h) if the right derivative of ax+v{s) with respect to A at A = 0+ 
is bounded uniformly in s, \\s\\ = 1 (see |Sz95t Corollary 2.3], for the quenched result 
in a continuous setting). If f ll.lOp were shown to hold also for A = then we would 
immediately conclude that for d > A and sufficiently small 7 the large deviations rate 
functions / and J coinside in some neighborhood of the origin. 

For further details, connections with polymer measures, and open problems we refer 
to the review |IV10bj . 

Remark 1.4. After this paper was submitted for publication, we learned about the 
concurrent and completely independent work [IVllj . The authors consider d > 2 and 
employ a different method, which allows them not only to show that the walk under 
Qy is ballistic (our Theorem 11.11 for d > 2) but also to obtain the corresponding law 
of large numbers and central limit theorem (see Theorem C of |IVllj ). For dimension 
one. Theorem 11.11 can seemingly be also derived from the large deviations approach of 
|GdH92j . We believe, nonetheless, that our treatment is more direct and less technical. 

Organization of the paper. In Section [21 we prove Theorem II. II but only for d> 1. 
The argument given does not seem to be adaptable to one dimension. However, since 
Theorem 11.21 implies Theorem 11.11 for d = 1, we just need to prove the former. This 
is done in Section [3] modulo several technical results (Lemmas 13.21 13.31 13. 4[ and 13.51) . 
The crucial result among these is Lemma [3^31 Its proof, as well as proofs of other listed 
above lemmas, are given in Section [5] after the key exponential estimate Theorem 14.11 
is established in Section |H Several elementary auxiliary results are collected in the 
Appendix. 
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2. Proof of Theorem 11.11 for dimension higher than one 

The quenched case in a continuous setting was investigated in |Sz95j . The argument 
given there apphes to the quenched discrete random walk with minor modification. 
Though we deal with the annealed case, the basic division of space into occupied and 
unoccupied cubes (see below) and the exploitation of lattice animal bounds are lifted 
from [Si95] . 

Let d > 1 and y eZ'^\ {0} be the "target point". For A C Z'^ define t{A) = mf{n > 
: Sn e A}. Fix a large even L and for q e Z'^ let B{q) = {Lq + [-L/2, L/2Y) n Z'^. 
The set of these cubes, {5(g), q G Z'^}, forms a partition of Z^. Choose some x G (0, 1) 
so that P(V^(0) > x) > 0. Given an environment w G and A C Z*^ we shall say that 

A is occupied if max V{x, u) > x and empty otherwise. 

A\{y} 

Denote by C = 0{uj) the union of all occupied cubes in our partition and by O'^ the 
union of all empty cubes. 

Step 1. We shall estimate the time spent by our random walk in O. This is not 
difficult, since from every point in O there is a path of length at most d{L — 1) to a 
point where the potential is at least x. This observation essentially provides the proof 
of the following lemma, which is very much analogous to Theorem 1.1 of |Sz95] . 

Lemma 2.1. There exists constant Ci = Ci{L, x) such that for all y eZ'^\ {0} 

\n=0 J 

Proof. We shall show that there is an e > and tlq = no{6, x) such that for all n > uq, 

(2.1) Qy l^s^eo} >n^< 2e— ("ll^ll-^)/^ 

This will immediately imply the statement of the lemma. 
Define the stopping times am, m G N, by 

(Ji = inf{n > : Sn & O}, (Jm+i = inf{n > am + dL : Sn & O}. 

The probability that during the time interval [am, (^m + dL) a simple symmetric random 
walk hits a point with the potential at least x and does not hit y is greater than {2d)~'^^ . 
Using the Markov property of the killed random walk we get that for e G (0, 1) and all 
m > 2 

(2.2) EP'^'° {am <Ty<oo)< e-(™-i)^" + P{Y < (m - l)e), 

where y is a binomial random variable with parameters (m — 1) and {2d)~'^^ . We choose 
e G (0, {2d)~^'^) sufficiently small to ensure that P{Y < (m - l)e) < e'^^-^)^ for all 
m large. By (11. 5p we know that there is /3o G (0, oo) such that Zy > e"''""^" for all 
y eZ'^\ {0}. Dividing (12. 2p by Zy and using (11.91) and the last inequality we get (recall 
that X G (0, 1)) 
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This completes the proof, since the set in the left hand side of (12 .ip is contained in 

Wn\\y\\ < Ty}. □ 

Step 2. To get a bound on the time spent by the walk in empty cubes we need some 
information about sizes of connected components of O'^ under Qy (considered as a 
measure on environments). 

Given an w G fi, we shall say that xi and X2, both in Z'^, are connected in O'^ if 
there is a simple random walk path from xi to X2 entirely contained in O'^. This defines 
a partition of O'^ into connected components. If we consider a site percolation on Z*^ 
where the site q is open if and only if B{q) is empty then standard percolation results 
(see e.g. |Gr99j ) imply that for sufficiently large L all connected components of O'^ are 
finite P-a.s.. Since Qy is absolutely continuous with respect to P, the same conclusion 
is true for Qy-a.e. u. From now on we suppose that L is sufficiently large so that the 
above holds. 

We shall need the following notation. Let D{x) = B{q) if x G B{q) n O and let 
D{x) be equal to the connected component of O'^ that contains x if x G O'^. Set 
\D{x)\ = #{g G Z'^ : B{q) C D{x)}. Notice that \D{x)\ = 1 for every x G C. For 
-D(x) C O'^ define the outer boundary Ad-D(x) as the union of all cubes in O which are 
adjacent to -D(x), i.e. 

AdD{x) = {z e O : 3xi G -D(x), 3zi e D{z) such that ||xi - Zi\\ = 1}. 

When X G O we set AdZ^(x) = 0. The usual internal boundary of D{x) will be denoted 
by dD{x), i.e. 

dD{x) = {z E D{x) : 3zi ^ D(x) such that ||2; — = 1}. 

Consider a sequence of stopping times {pi)i>o and an increasing sequence of sets 
{Ai)i>o given by po = -1, = and for i G N, 

Pi = mi{n > pi_i : ^ 

Note that y4j_i fl D{Sp.) = 0. Finally, we introduce the "discovery" filtration {Qi)i>i 
where Qi is the sigma field generated by {SnApi)n>o and (y{x))xeAi.i- 

Lemma 2.2. There exist strictly positive constants and Ci not depending on L so 
that for all i > 1, N eN, and all sufficiently large L 

(2.3) QyimSpJl = N, D{S,J cO'\g,,)< Cse-'^^^^' 

Proof. Define qi by the relation Sp- G B{qi). We first note that there are less than (S'^)^^ 
distinct connected sets in Z'^ of cardinality containing qi (see e.g. p. 1009 of |Sz95] ). 
For each such set 2l^r, qi G Sljv, define D]y = Ugg2i^i?(g). It is sufficient to show that 
there are strictly positive constants C3 and C3, not depending on L or A^, such that for 
every Dj^ with |-Djv| = A^ and containing 5*^,. 

QyiDiSpJ = Dn, D^cO'l Gi) < Cse-'^^^^'. 
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From this point on we fix D]^ (and so SIat). We suppose that y is not in Dn and leave 
it to the reader to make the minor modifications for the case when y & D^. 

Given Qi and Dj^r, denote by Qi^^ all environments which agree with {V{x))x(^a^-i and 
have as a connected component of containing Sp.. This means, in particular, 
that AdZ^AT C O. We need to get an upper bound on Qy{fli^N I Qi)- We shall compare 
this probability with the probability of the following modified set of environments. Let 
B'{q) = Lq+ [-L/4, and D'j^ = U,e2t^5'(g), G 21^. Denote by Q[j^ all 

environments which can be obtained from those in f2j by changing the potential only 
on D'^ so that each center cube B'{q), q G Sljv, becomes occupied. A suitable upper 
bound on 

.2 4^ Qyi^^,N\g^) ^ E (P^'^^^ (t, < Oo) 1^,^ | g,) 

will complete the proof of this lemma. Let 

(2.5) Mr = max (e"^--' ^(^"'-)l|.(^,)>.^}l{.^<o,}) . 

The expression we maximize can be non-zero only at x G dDj^j (or at x neighboring y 
if ?/ G Dn). Note that does not depend on the values of V in D^- 

To bound the numerator in (12. 4p we first observe that replacing the potential by in 
Df^ can only increase the expectation. Let z/q = and i/j+i = inf{n > z/j : S'„ G dD^}. 
Then, given Qi, for uj G fij tv we have 

P""'^"' {Ty < oo) < 

OO 

oo oo 
k=0 k=0 

For any point in dD^ which is not adjacent to y, we have a uniform strictly positive 
lower bound, {2d)~'^^, of hitting a site z with V{z) > x before returning to Df^f. But to 
return to Dn from z the walk has to survive. It follows easily from the Markov property 
that 

P"""^ {yk < Ty) < (1 - {2d)-''\l - e-))^ 
Recall that, given Qi, Mf does not depend on the values of the potential on Dj^. Thus, 
for all sufficiently large L 



E (P-'^-(r, < oo)ln„. I Q^) < ^^^^^E (Mr lo,^ | Q^) 



:i-e- 



Finally, we shall get a lower bound on the denominator. Denote by Xq a point where 
the maximum in (12. 5p is attained. Observe that between any two points in \ D'^ 
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there is a path of length at most dL{N + 1) within this set. In particular, there is such 
a path from 5*^^ to Xq. Thus we have 

Since M^^ does not depend on the potential in D^, we can now conclude that 



Qyi^^,N\S^)- (1-e-) m',,J,\g^ 

The ratio of probabilities is bounded above by 



< e 



for all sufficiently large L. The last two bounds imply that there are positive C3 and C3 
not dependent on L such that 

as claimed. □ 

Step 3. We now wish to show that, given Qi, the expected amount of time spent inside 
the (unknown) new component D{Sp.), by the random walk before Ty is of order one. 
As Lemma [2.21 gives very strong bounds on the size of this new component, all we need 
is a crude upper bound on this expectation in terms of the size of D{Sp-). 

We use the following lemma, which is basically an /i-process result (see [DoOlj for a 
general exposition). 

Lemma 2.3. Consider a domain D (Z 7/ of cardinality N . Suppose that the environ- 
ment is such that for every (internal) boundary point h G dD there exists a path from b 
to a point z with V{z) > x which is entirely in the complement of D\ {b} and of length 
less than dL. Then for some universal C4 = C^^l^x, L) and all x & D such that Z^'^ > 

(2.6) i?Q-^ Cj2 Ms.eD}] < C.N'^" log f 1 + sup ^) . 

Vn=0 / ^ u,vGD^y ) 

Proof. Again we suppose that y ^ D and leave the remaining case to the reader. Con- 
sider the stopping times {i'k)k>Q where vq = Q and 

Vk+i = inf{n > i^k ■ SnE dD}. 

We have as in Lemma [2.21 that for any initial x E D and A; G N, 

(2.7) {e-T.•:tV'^vis.)^^^^^^^^^^^^^ < (1 _ (2d)-'\l - e--))\ 

If D has cardinality A^, then for some constants C5 and C5 (depending on d) and all 
X E D we have P^'iriD^) > t) < Cgc-^^w ^/'^ _ rpj^jg follows, since by the local central 
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limit theorem (see e.g. |Du05] ). there exist universal and nontrivial constants c and C 
so that P^{S(jj^2/d G -D) < c < 1 uniformly over x E D. Therefore, 

/uk+dL \ 

(2.8) Yl ^is^^D} > CeN^^'k, Uk + dL<Ty]< e-^' 

\ n=0 J 

for some universal Cg, Cq G (0, oo). Let T = T{x,k) be the stopping time when the 
number of steps in D numbers more than C^N'^/'^k. Then for any x and any fc, 



Zjy 



n=0 

Partitioning the path space into the event ^Yln^=o^ '^{Sn&o} > CgN'^^'^k^ and its com- 
plement and using (12.71) and (12. 8p we get that the last ratio is dominated by 

(2.9) {e-'^^' + (1 - (2d)-'^^(l - e-^)') sup . 

If we choose now 

r / ^r" 

k = Cjm log I 1 + sup 

\ u,vGD 

then it is easy to see that for sufficiently large Cy the expression in (12.91) will be less than 
g-c7m some strictly positive Cj depending only on our choice of Cy. This immediately 
implies ([M]). □ 

Step 4. Now we can estimate the time spent by the random walk in D{Sp-)r\0'^. First, 
we notice that for some Cg, Cs G (0, oo) and all D{Sp.) C O'^ 

sup ^ < Qe^-I^^^-)'"^^ 
u,veD{Sp^) ^y 

uniformly over all environments for which Zy'^''^ > 0. The above bound is obtained 
simply by forcing the walk that starts at v first to go to u. For this we can choose a 
path, which is entirely contained in D{Sp^) and has length less than \D{Sp-)\dL. Then 
(12.61) and (12. 3p give us that there is Cg = Cg{>i:, L) such that 

(2-10) Eq^ I ^ l{5„eD(Sp^)nc>'=} | | < Cq. 

\n=0 / 



Step 5. This step will complete the proof of Theorem ll.li We have 

(Ty-l \ /Ty-l 

n=0 J \n=0 

Lemma [2TT] takes care of the first term in the right hand side. We have a uniform bound 
on the expected time spent in every connected component of O'^ visited by the random 
walk prior to Ty. The only question we have to answer is how many of these components 
it visited. Notice that in the time interval [pj,pj+i) the walk necessarily visits a new 
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occupied cube. We define stopping times (/3i)j>o by f3o = 0, = inf{n > f3i : Sn & 
O \ D{Si3.)}. Then, clearly, pi > Pi. Arguing as in the proof of Lemma [2.21 we have for 
some positive cg that Qy{l3m\\y\\ < Ty) < e"'^^"^"^". The last term of (12. lip is equal to 



\i=0 n=0 
/ oo 



i=0 



, n=0 



. j=0 



1=0 



for some Cio- The proof is now complete. □ 
In the remainder of the section we show how to derive Corollary 1 1 . 1 1 from Theorem 11.11 
The following simple lemma holds in all dimensions. Its proof is very similar to the proof 
of Corollary 2.3 in |Sz95] . 



Lemma 2.4. For every unit vector s G M'^ 

d(3x+vis 



dX 



Eoo(t,, 



< lim sup 

^=0+ iij/ii^oo \\y\ 



Proof. Fix any unit vector s G M'^ and let y = [rs]. Observe that 

d 



(\unmf-\ogEQ^{e~'^y)) 



A=0+ 



1 / d 



-liminf- — logEg^ (e""^-) 
r-)-oo r \ dX ^ ' 



A=0+ 



lim sup 



, and 

A=0+ 

1 Eq^ {T,e-^^y) 



r En., (e 



A=0+ 



1- Eq'Ty 
= hmsup — — —. 

ii3/ii— >oo \\y\\ 

The statement of the lemma is an easy direction of the above exchange of limits. Since 
/3\+v is an increasing concave function of A on [0, oo) (see |F107[ Theorem A(b)]), it is 
enough to show that for each A > 

hm sup — ^ > 



||y||— >oo 



\y\ 



X 



Let b{0,y,V) := — logEi?°e Sn=o ^(•S'"). Then 6(0,?/, A + l^) is a concave increasing 
function of A on [0, oo) and 



= lim 

A=0 A^0+ 



b{0,y,X + V)-b{0,y,V) 
X 
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By concavity, for each A > 0, 

lim ^> lim b{0,y,X + V)-b{0,y,V) 

lyll^oo \\y\\ \\y\\—^°° \\y\\^ 

^1 j.^ 6(0, y,X + V)- bjO, y, V) _ (3xMs) - Ms) ^ 
A ||j/||->oo ||y|| A 

3. Asymptotic speed in one dimension 

We start by introducing some notation. For s G Z define ri^'* := r^, and for m G N 
set 

(3.1) ri"+i) : = inf{n > r^™) : 5„ = x}; 

(3.2) iy{x) : = #{n G {0, 1, . . . , - 1} : 5„ = x}. 

In addition to Qy and Qy we shall need the following measures and partition functions: 

QoA-) = P^(-\^r < rf ,r, < oo), Z^^, = P'^(r, < Tq^'^ < oo); 

(2) (2) 
Qo,r{-) = P{- < TfJ ,rr < Oo), Zo^r = P^Tr < Tj] ' , Tr < Oo); 

QoA-) = Pi- I < ri'\ T, < OO, Ux) > 2, a: G {1, 2, . . . , r - 1}); 

Zo,r = P{Tr < T^\Tr < 00,4(x) > 2, X G { 1, 2, . . . , r - 1}). 

Denote by Xy the smallest non-negative integer in [0, y], which is visited by the walk at 
most once up to the time r^, i.e. 

(3.3) Xy = mm{x G {0, 1, . . . , : iy{x) < 1}. 

We shall refer to Xy and all points between and y inclusively that were visited at 
most once up to time Ty as "renewal points" . We use "at most once" instead of "exactly 
once" just to include y in the set of renewal points. The main idea of our proof is to 
obtain (11. 7p using renewal theory. 

The main ingredient of the proof of (II. 7p is the following proposition. 

Proposition 3.1. There is a constant v G (0, 1) such that 

lim = 1. 

y^oo y V 

We now indicate how this implies (II. 7p . The formal argument will be given after the 
proof of Proposition 13.11 We have 



(3.4j - h - l^Qy [l^Qy{Ty - \ X, 



y y 



EQyjrXy) 1 

y y 



^QO,y-Xy i'^y-Xy I Xy) 



The following lemma, whose proof is postponed until Section [5l takes care of the first 
term in the right-hand side of (13. 4p . 
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En {tx ) 

Lemma 3.2. lim = 0. 

y^oD y 

The second term in ( ]3.4p will converge to 1/v hy Proposition 13.11 provided that we have 
sufficient control on Xy. 

Proof of Proposition \3.1\ The proof relies on two technical lemmas. We shall state them 
as needed and supply proofs in Section [5l 

Notice that is the ffist renewal point under Qcy Decomposition of the path space 
over all possible renewal points in [0, y\ gives 



Ep{Ty] Ty < TQ^\Ty < OO 



'0,y\'yJ ~, (2) . 

P{Ty <Ty,Ty< 



y k ^ k 



, k=l 0=xo<xi<---<x^=y j=l i=l 

(3.5) 



y k ^ 

z] n ^o,xj-xj_i 

fc=l 0=xo<xi<---<Xk=y j=l 

If the weights Zo,r, t > \, formed a probability distribution then the denominator 
would simply be the probability that ?/ is a renewal point of a renewal sequence with 
this distribution, and the numerator would be the expectation of some function of the 
renewal lengths up to y restricted to the set where y is a renewal point. But, as it turns 
out, these weights do not add up to 1. We shall have to make an adjustment that is 
based on the following important fact. 

Lemma 3.3. Let /3 := /3y(l) and q{r) := e'^^Zo^j. Then there is an e > and tq > 
such that for all r > 

(3.6) g(r) < e-"". 

Moreover, YlT=i^i''^) ~ ^■ 

Remark 3.1. A result analogous to Y'^i Q'(^) = 1 is essentially shown in |Zy09] . 

Assume the above lemma. Multiplying and dividing (13. 5 p by e^^ and writing e^^ as 
Y[^=i e'^*-^-''"^-'-^-' we get 

EqoA^) = 

E E n e^(^'-^'-^)^o..,-.,.. E E^ (r.,_.._ J 

k=l 0=xo<xi< - <Xk=y j=l i=l 

E E n e/^^^^-^-^^^Cx,-.,., 

k=l 0=xo<xi< - ■ ■<Xf.=y j=l 



(3.7) 



y k k 

E E n 

k=l 0=xo<xi< - <xi^=y j=l 



E E n Qi^j - Xj-i) E , i'Tx^-xzS. 

i=l ' ' ' ^ 



y k 

E E n ^(a^i - Xj-i) 

k=l f)=xo<xi<---<Xf,=y j=l 
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If we denote by (Xi)j>o the renewal sequence with Xq = corresponding to the prob- 
abihty kernel g(-), by Ay the event that y is a renewal point, and set g{r) = Eq^^^Tj.), 
then the above expression is equal to 



i: Xi<y 



The next lemma provides a bound on the growth of g{r). This bound is not optimal but 
it will be sufficient for our purposes as all we need to know is that g{r) has subexponential 
growth. 

Lemma 3.4. There are constants Mi and M2 such that for all r > 1 



E. 



Qo,7 



(r,) < Mir^ and Eq^ ^^,) < M^r 



Remark 3.2. The last claim is not needed at this point. It will be used only in 
Section O 



The law of large numbers and the renewal theorem tell us that, as ?/ — )■ 00, 

y 



- 2^ 9{Xi- Xi_i) ^ -— , and Qo,y{A 



□ 



The above relations together with Lemma 13.41 and (13. 6 p allow us to conclude that 

We note that the fact that g(r) > for r > 2 and that for such r, g{r) > r implies that 
V is strictly less than 1. 

To proceed with the proof of (11.71) we need one more auxiliary result. 

Lemma 3.5. There are c, C & (0, 00) such that Qy{Xy > r) < Ce~'^^ for all < r < y . 

Proof of ( [i. 7p in Theorem li.M By Lemma 13.21 we only need to estimate the last term 
in (13.41) . We fix an arbitrary e > and consider separately the expectation restricted 
to {Xy > ey} and to its complement. By Lemmas 13.41 and 13.51 we get 



Er 



Er 



^O.y^Xyi'ry-Xy\Xy)l^Xy>ey}\ < M2y^Qy{Xy > Ey) 

< CM2y^e-^y ^0 as ?/ ^ 00. 
Consider now the expectation over {Xy < ey}. We have 



Er 



y 



< K 



Qy 



Eq^-Xyi.'^y-Xy \Xy) 

y-Xy 



1 



{Xy<ey} 



By Proposition 13.11 for every £1 > there is Tq such that for all y > ro/(l — e) and 
X < ey 

Qo,y—xi^Ty—x^ 1 
y — X V 



(3.9) 
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Thus, f l3.8p is bounded above by + Si for all y > tq/ {1 — e). On the other hand, by 
fl3.9p and Lemma 13.51 for all sufficiently large y 



y 



>(-- e,] (1 - e) QyiXy < ey) > (- - (1 - ef. 



Since e and ei were arbitrary, this finishes the proof. □ 

We close this section with a proof of (11. 8p . (See [ZeOO] for a related result for random 
walks in random environment.) 



Proof of ( (i.gp . Lemma [2.41 implies that 



1 

< -. 

A=0+ V 



l-e 



dX 

It remains to show the converse inequality. We fix e > 0. It will be enough to show that 
for A positive and sufficiently small 

/3A+y(l)-/3y(l) ^ 1^ 

A - V ' 

By (ILSp it is therefore sufficient to show that for such A fixed and all large y 

^(-logE(e-^^'-"(n5.)+A)j^l^g^j^g-E;Lrn5.)jj > i^. 
By Lemma [5. 5 [ this reduces to proving that 

+'»s^(«'^~»''''*'»,,»>..i))£ 

Thus, we need to show that for A small and all sufficiently large y 
(3.10) EQ,Je-'^y) < exp{-Xy{l - e)/v) . 

Conditioning on the number and locations of renewal points we get 

(3-11) ^Qo.(e-'^^) = E E fl^(^^- - 

k=l 0<xi<---<xk=y j=l 

The dominated convergence theorem implies that for each r G N, ei > 0, and all 
sufficiently small A 

and, thus, 

^-A(l-eOi?Q,„(r.) 



(3-12) < 1 - A(l - er)E^jTr) < 



e 
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Next, we observe that for a renewal sequence based on the kernel g(-) and conditioned 
on having y as a. renewal point, < Xi < ■ ■ ■ < Xk = y, there exists M < oo and 
62 > not depending on y, such that for all sufficiently large y with probability at least 

1 - e-y^^ 

k ^ ^ 

(3-13) Yl i{-i-.-i<^n%,.^_.^._, i-r^j-^j-i) > — 

This statement follows from Lemma [3.31 and large deviations bounds on i.i.d. random 
variables conditioned on an event of probability bounded away from zero. 

Now let us consider A > sufficiently small and such that fl3.12p holds for each 
r G {1, 2, ... , M}. Then (13. lip is bounded above by 



k=l 0<xi<---<Xfc=j/ j=l 



^ E E n ^(^^- - ^.-i)e-^'(^-^^^'/^ + e--^. 

k=l 0<xi< - <xk=y j=l 

We conclude that 

-log (i5;(e-S^-^(^(^^)+^) + log (i5(e-^^-^^(^^)lH>.,})) 

> - log (^e-'^y + e-J^^(^-^i)'/'') . 
This gives the desired inequality for A small, and we are done. □ 

4. The key environment estimate 

A simple but important observation is that Qy and Qo^y can be considered as measures 
not only on paths but on the product space of paths and environments. Theorem 14.11 
below provides key estimates on the environment under these measures. It is crucial for 
proofs of technical results that we used in Section |3l 

Letters (i G NU {0}) will always denote integers. Due to (II. 6p there exist 

>c,K & (0, 00) such that P(V(0, u) G [x, K]) > 0. Given an environment u, a site x G Z 
will be called "reasonable" if V{x,u) G [>c,K]. 

Let I C [a, b] be an interval and Xi E I , i = 1,2, . . . ,m, xi < X2 < ■ ■ ■ < Xm- Define 
an "environment event" 

fli{xi, X2, ■ . ■ , Xm) = {00 E Q \ V{xi, u) G [x, Vz G {1, 2, . . . , m} and 

V{X, U) ^ [X, K]\fx e I \ {Xi,X2, ... , Xm}}. 

Observe that Q[a,b) is just the event that V{x, u) is not reasonable for every site x G 
(a, b). We shall also need measures 

Qx,yi-) ■■= P^'i- I ri^^ > Ty,Ty< 00), 0<x<y. 
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Theorem 4.1. There exist constants Mi, M2 and 6' G (0, 1) not depending on a, b, y, 
or Xi, i = 1,2, ... ,m, < a = xq < Xi <■■■< Xm < x^+i = b < y, so that 

m 

(4.1) Qo,,(%,6)(xi,x2,--- < l[{M,e^^+^-^^y, 

j=0 

m 

(4.2) Qy{n^a,bM,X2,--- ,X^)) < J] (71^2^^+^ ""0 • 

j=0 

This theorem is a consequence of Theorem 14.21 and Lemma 14.31 below. 

Theorem 4.2. There exist constants M3, M4 > 1 and 9 G (0, 1) not depending on 
X, a, b, and y,0<x<a<b<y, such that 

(4.3) Q.,y{^(a,b)) < M3^^-^ 

(4.4) Qy{^(a,b)) < M,e'-\ 

Lemma 4.3. Let < x < y and 

G a{{V{z,u)}, z < x), G a{{V{z,u)}, z > x). 

Then 

(4.5) QoA^x- n {V{x) G [x, K]} n £,+) < YZ—^ QoA^--)Qx,y{^-+)\ 

(4.6) Qy{£,_ n {V{x) G [x, ir]} n ^,+) < Qx(^x~)Qx,y(4+). 

Lemma 14.31 fohows easily from the decomposition of the path space according to the 
number of visits to a reasonable site x. The details are given in the Appendix. The 
proof of Theorem 14.21 is the main content of this section. For now we assume both 
statements and show how they imply Theorem 14.11 

Proof of Theorem ^J, The proofs of ( I4.ip and ( 14. 2p are identical, and we show only 
(1121). 

Qy{P'(a,b){Xi,X2, ■ ■ . , Xm)) 

= Qyi^(a,x^)iXi, . . .,Xm-l) n {V{Xm) & [x, K]} C] ^(x,n,b)) 
m 1 

))Q (fi(a;„,b)) 

g3l / 1 y- - 

/ j=l 



i=o 



We turn now to the proof of Theorem 14. 2[ It is a consequence of several simple 
lemmas. We derive only fl4.4p . the proof of fl4.3p being practically the same. 
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Lemma 4.4. Let < a = xq < xi < ■ ■ ■ < Xm = b < y and 6 = ¥{V{0) E [x, K]) e 
(0,1). Then 

„^ Qfe(^(a,b)(a^i,a^2,---,a^m-i)) ^ 1 / e~^^^^ \ ""^ -^r 1 

^ ■ ' Qbinia,b)) - 2r-\l-5) f}^x,-x,_,- 

We postpone the proof of this lemma to record its immediate corollary. 
Corollary 4.1. Set 

m=l a=xo<xi<-<Xm=b j=l >' j j 

Then Qfe(fi(„,6)) < {C[a,b,b,K))-\ 

The next lemma from renewal theory shows that the above inequality actually gives 
an exponential bound on QhiS^{a,h))- 

Lemma 4.5. Choose 9 G (0, 1) so that 

2(1-5) ^ A; ~ ■ 

^ ' k=l 

Then there is a constant c > such that for all a <b, C{a, b, S, K) > c9^^''~°'\ 
Proof. Let {C,n)n>i be random variables such that 

and define the renewal times Tq = 0, Tm = XljLiO; ^ N. Denote by m„ the 
probability that n is a renewal time. Then uq = 1 and 



Un = 

k=l 

On the other hand, 

oo m / -Kx \ 1 

m=l a=xo<---<Xm=b j=l 



'^fkUn~k>0, n>l. 



-5) J Xj-Xj-i 



(1-5)7 Xj-Xj-i 



'Ub-a- 



m=l a=xo<---<Xm=b i=l 

By the renewal theorem ( [Fe68j . Ch. 13, Sec. 11), u„ — )■ as n — )■ oo, where n = 
Yl^=i^fn < OO. This implies that min„gN^in > 0, and the claim follows. □ 

Proof of Lemma \4.4\ Denote the right hand side of (14. 7p by Cm(x). Let U be any 
potential on (a, 6) \ {xi,X2, ■ ■ ■ ,Xm-i} such that U{x) ^ [x,K]. Then it is enough to 
show that conditional on V = U on (a, b) \ {xi, X2, ■ ■ ■ , Xm^i} 

Qb{^(a,b){Xl,X2,...,Xm^l)\U) > C„(x) Q bi^{a,b)\ U) . 
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This is equivalent to the inequahty 



(4.8) ^ ^ > CUx). 



From now on assume that V{x) = U{x) for all x G (a, b) \ {xi, X2, ■ ■ ■ , Xm-i} and drop 
the conditioning from the notation. 

Restricting the random walk expectation to those paths which on their way to b hit 
every Xi, i E {0,1, . . . ,m — 1}, only once, we obtain a lower bound on the numerator of 
dMD: 



) •^m— 1 , 

m— 1 



X 

Tj; - — 1 



i=i ^ ^ 

Tx ■ — 1 



m-1 m 



Tx ■ — 1 



i=l 

To estimate the denominator of (14. 8p . we first define the following random times: 
Gi = sup{n < n : Sn = i e {1,2,..., m}; 

pi = mf{n > Oi : Sn = Xi}, i e {1,2,. . ., m}. 

The denominator of (14. 8 p is clearly bounded above by 

n / ^^ /-EE C/(5n) \ by E3J 

EE' (e- ^"=0 ^(^"M EE" I e "='^«+i ; n^a,b) ) < 

- — 1 

i=l ^ ^ 

Dividing the lower bound on the numerator by the upper bound on the denominator of 
(14. 8 p we obtain the statement of the lemma. □ 

We summarize the results of Corollary 14.11 and Lemma 14.51 
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Corollary 4.2. There are constants C > and 9 G (0, 1) such that for all < a < b < y 

Qbi^{a,b)) < CO^^"". 

Corollary 14.21 gives us f l4.4p in the case when b = y. 

Proof of Theorem \4.^ We would like to get a bound on Qy{fl(a,b))- Let X = min{x > 
b : V{x) e [x, K]}. Since Qy (restricted to environment events) is absolutely continuous 
with respect to P, Qy{X = oo) = 0. Using Lemma 1^1 and Corollary 14.21 we get 



Qy{^{a,b)) = ^ Qyi^{a,b) H {X = m}) 
m=b 

y-l oo 

= J2 Qy{^{a,m) n {V{m) e [x, K]}) + J2 Qy{^{a,b) n {X = m}) 



m=h m=y 

y-1 oo 

m=b m=y 



< -, — — ^ + CQy-'' < M^e^-" 



l_e-)(l-^^) 

for some constant M3. □ 

5. Proofs of technical lemmas 

Theorem 14.11 gives us good control on environments under probability measures Qy 
and Qo^y and we are now in a position to prove Lemmas 13.51 13. 3[ and 13.21 

We start with two auxiliary statements, Lemmas 15.11 and 15.21 Recall that, given 
u E Q, a. site x G Z is called "reasonable" if V{x, u) G [x, K], where < x < K < 00. 
In Lemma EH] we argue that outside of an event of exponentially small (in y) probability 
with respect to Qy or Q^ y there are of order y reasonable sites in {0,y). Lemma \572\ 
shows that having so many reasonable sites in (0, y) and not having a renewal in (0, y) 
is very unlikely. These two facts easily imply Lemmas 13.51 and 13.31 Lemma 13.21 requires 
additional steps, and its proof takes the rest of the section. 

Denote by Ry the set of all reasonable sites in {0, 1, . . . ,y} and by \Ry\ the number 
of elements in Ry. 

Lemma 5.1. There exist M5, Mq and Ui G (0, 1) so that for all y > and all intervals 
/C (0,1/) 

(5.1) Qo,yi\Ry n /| < < Mse-^^l^l; 

(5.2) Qy{\Ry n I\ < < Mee 



^Ul\I\ 



Proof. We shall prove only (15. ip . Let I = {a, b) , < a < b < y , and r = 6 — a — 1 
Notice that 

[uir] 

{iRyD I\ < uir} = U U nj{xi,X2, - ■ - Xk), 

k=0 a<xi<---<Xfc<f) 
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where for /c = the second union reduces to a set flj. Thus, by Theorem 14.11 

Qo,.(|i?.n/| <u,\i\)<Y, Qm^+i^^^'+i < 2(^^J^^^Mr+'e^-+' 

for ui smalL Applying Stirhng's formula to this bound, we have that for some universal 
C, 

QoA\Ry n /| < i^ilil) < CM.ff^ ( ) ( ^ ) < ^^'^1 ( ^ ) 

for all r provided that Ui is chosen sufficiently small to ensure that 

1 + ^ 

(1 - z/i) I log(l - z/i) I + z/i I log z/i I + z/i log Ml < log □ 

For < a < b < y we define B{a,b,y) to be the event that there are no renewal 
points in interval (a, 6) up to time Ty. The event K{a,b,i) contains all environments 
with at least i reasonable sites in interval (a, b). 

Lemma 5.2. There exist nontrivial constants C2, 1^2 so that uniformly over i and < 
a < b < y, 

QyiK{a, b, i) n B{a, b, y)) < C^e-""'' . 

Our proof is based on a coupling with a simple asymmetric random walk. We shall 
use the following two elementary lemmas. 

Lemma 5.3. Let Yn, n > Q, he a simple asymmetric random walk with the rightward 
probability p G (1/2,1). Let B{0,m) be the event that there are no renewal points in 
(0, m). There exists c = c{p) > so that for each m > 1, 

P{B{0,m)\Yo = 0) < e""™. 

This statement follows from much more general arguments in [SzOOj (Lemma 1.2) and 
|Zy09| (Proposition 4.3). Since the proof in our case is basic, we give it in the Appendix 
for completeness. 

Denote the first i reasonable sites in (a, 6) by Xj, i G {1,2, .. . It is easily seen 
that we may suppose without loss of generality that the sequence Xi extends to infinity 
in interval [6, 00). 

Lemma 5.4. Let r G N, Xi, Xj+i, . . . , Xj+r be reasonable points, and Xi < Xj+i < ■ ■ ■ < 
Xi+r < y- Then for all u G {Z^'^' > 0} 

(«) Qr(^^^.r > ^i?) < e-; (b) Q-'^--^(r.. < r,) < . 
The proof is given in the Appendix. 

Proof of Lemma \5.S[ Fix r so that e~^^' < 1/3. We say that a reasonable site Xi is alive 

if Txi+r < '^^i ■ By Lemma [5^ and our choice of r, the probability that the random walk 
returns to an alive site prior to Ty is less than 1/3. Of course, the events {xj is alive} and 
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{xj is alive} are correlated for |« — j| < r but otherwise independent. Thus, in order to 
secure some independence, we define J C {xi, X2, ■ ■ ■ , xg} as {xx-^, x\^, . . . , xx^}, where 

Ao = 0, Ai+i = inf{j > K + r: r^^^^ < rij)}. 

Points of J are called good points. They are our candidates for renewal points. Again 
we can extend good points infinitely outside interval (a, b). 

Let C{h, a, b) be the event that interval (a, b) contains less than h good points. Denote 
by iV a binomial random variable with parameters [i/r] and 1 — e~^. We first note that 
by the strong Markov property, given that u is in K{a, b, t) fl {Zy'^ > 0}, 

.r(.(<i^,..))..(.<<i^)<e- 

for some small universal 62- We now suppose that event C((l — e^^)£/(2r), a, 6) does 
not occur, so that there are at least (1 — e~^)£/(2r) good points. 

By Lemma 15.41 and our choice of r we can couple our process S and a simple random 
walk, y, with rightward probability p = 2/3 so that (even though Tx^. is not a stopping 
time) for each i > 0, 

{3 <i- xx, is visited in (rf , ) by 5} 

is a subset of 

[i <i: j is visited in (r^, r^^i) by Y}. 

This coupling necessarily entails that for 1 < i < {1 — e^^)i/{2r) 

{i is a renewal point for Y} C {xxi is a renewal point for S}. 

The result follows since K{a,b,i) fl B{a,b,y) is contained in the union of events 
C((l - e-^)£/(2r), a, b) and {Y has no renewal points in (0, (1 - e-^)£/(2r))}. □ 

Now we can easily derive Lemma 13.51 

Proof of Lemma \3. 5\ Let < r < Then for some fixed Vi G (0, 1) by Lemma [5.21 and 
we get 

Qy{Xy >r)= Qy{Xy > K {O , T, UlV)) + Qy{Xy > T' K'{0, T, UlV)) 

< QyiK{0, r, z/ir) n 5(0, r, y)) + QyiK'{0, r, u^r)) 

We are also ready to prove Lemma 13.31 

Proof of Lemma \3. 3[ We have by fl5.ip and Lemma 15.21 that there is Ui G (0,1) such 
that 

Zo,r = Qcrl-^'^lO, r, Uir))Zo^r + (5o,r(-f^(0, r, z/ir))Zo,r 

< go,r(i^'(0, r, u,r))Zo,r + Qr{KiO, r, u^r) n 5(0, r, r))Z, 

< (Mge"'^^'^ + C2e-''2'^i")Z,. 

This proves (13.60 as (logZr)/r — )■ — /3 as r — )■ cxd. 

We also have the following fact, which we prove in the Appendix. 
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Lemma 5.5. lim -logZo„ = —f3. 

j/->oo y 

This result immedaitely implies that the power series Yl'^=i ^^^^^^o,y has radius of 
convergence equal to 1. But decomposing Z^^y according to its renewal points (see the 
denominator in (13. 7p ) gives 



oo / oo 



y=l k=l \r=l , 

from which the conclusion that Q'(^) = 1 is immediate. □ 

Proof of Lemma \3.S[ We have 

(5-3) ^^Q.(^xJ = ^i?Q,( J2 W)+Ieq,{ Y1 V^))- 

We shall need the following two inequalities. Their proofs can be found in the Appendix. 
Lemma 5.6. Let B G a{{V{x,uj),x < 0}). Then 

Qy{B) < 2yF{B). 
Lemma 5.7. For every z<x<y,m&'Z, and P-a.e. u G {Zy > 0} 

q;;(4(^) >m) <P°(4(^) >m). 
Now we can estimate the first term in the right hand side of (15. 3p . 

Lemma 5.8. lim EQy(^ ^ iy{x)^=0. 



Proof. First, we note that by Lemma [A. 31 it is enough to show that for R fixed 



r.„-l 



n=0 



We introduce the event 

^s,y = {# of sites in {—y^^^,0) that are reasonable is less than 6y^^'^/2}. 
We have immediately that 



(5-4) Eq^ l{-Ry<S„<-yi/4} ^ 

( Yl l{-Ry<5n<-yl/4}lA,,,) + ^Q, ( XI ^{-^J/<5n<-yl/4}lA^ J. 



n=0 

Ty — 1 Ty — 1 



n=0 n=0 
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By Lemma \5.7\ the first term is bounded by 

Ty-l 

n=0 

Lemma[52] • ^ , , 

for a universal C. In the last line we used standard large deviations bounds for Bernoulli 
random variables (see e.g. |DZ98j ) and the fact that for every —Ry < x < y the local 
time iy{x) is stochastically dominated by a geometric random variable of parameter 
{2y{R+ Therefore, it remains to deal with the last term in (15.41) . But by part 

(b) of Lemma [5.41 and Lemma [5.7[ we have that EQi^(iy(z)) < e~^'^y^^^^'^2(R + l)y for 
each u E A^^ and each 2;, —Ry < z < — y^^^. □ 

Finally, we shall deal with the last term in (15. 3p . 
Lemma 5.9. lim - Eq^ f V Uz)]=Q. 

-y^/*<z<Xy 

Proof. Set T = J2-y'^/*<z<Xy ^yi^)- Then for each x > y^^^, 

^.1/3 

Qy{T >X)<Qy(^Yl 1{5„>-S/V4} > X) + QyiXy > x' ^ ' ) . 

n=0 

The first probability is dominated by the corresponding probability for an unconditioned 
simple random walk by Lemma ISTTl and so is bounded by Ce~'^ for suitable nontrivial 
c and C, while by (15. 2 p and Lemma [5.21 the second term is similarly bounded. □ 

Lemmas 15.81 and 15.91 imply Lemma [3.21 and we are done. □ 

Appendix A. 



Proof of Lemma \3.4\ We shall give a proof of the first statement. The second one 
is even simpler. Recall that denotes the expectation with respect to the simple 
symmetric random walk measure P^. Since P^{tj. < 00) = 1, we shall drop l{Tr<oo} 
when appropriate. For each C > 

^QoM) = %,,(rn Tr < Cr') + % „(rn > Cr^) 



< Cr^ + 



< Cr^ + 



E'^ {Trl{r^yCr'i ,Tr<T-r}) 



2-2r-lg-A(2)rg-A(3)+A(2) " 

In the transition from the second to the third line, the lower bound on the denominator 
was obtained by choosing a particular path, which visits every x, < x < r, exactly 
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twice before hitting r except in the case where r is even when r — 2 is visited three 
times. The numerator in the third hne is equal to 

E° [{Tr A r_,)l{r,.>Cr3,r,<r_j] < 

In the last line we used two basic facts about a simple symmetric random walk: (a) 
E'^Utt a T_r)^] < Cot"^ and (b) the probability that the exit time from the strip (— r, r) 
exceeds Cr^ is bounded by e"^*"^, where C" — )■ oo as C — )■ oo (this follows from the 
invariance principle and a compactness argument). Choosing large enough C we can 
ensure that C" > 2 log 2 + A(2). □ 

Proof of Lem'ma \4.3[ We shall prove (14. 5p . The proof of (14. 6 p is the same. Let S = 

n{V{x) e[x,K]}n 4+, then 

Eg°(e-g^>'^-'»ri-.>..,»0 J_ 

We start with the numerator. Decomposing the path space according to the number of 
visits to X and applying the strong Markov property we get 

oo 

m=l ^ ^ 

CXD 



m=l 



We also have that 

V {To >-rx} {Tx >Ty}J 

= E^o fe-^-oV(5n)i ^ fe~^-oV(s„), A _ 

Taking the ratio of the above two estimates completes the proof. □ 

Proof of Lemma \5. 31 Consider a terminating renewal sequence (L.j)i>i defined as fol- 
lows: 

Lq = 1, Lj+i = 1 + max F„, i > 0. 

»— — Li 

The kernel of this sequence, q{r), has a non-trivial mass at infinity, ^(oo) = 2p—l, which 
is equal to the probability of a random walk to never return to its current location. 
Moreover, it is elementary to compute that q{r) < e"'^"'', r G N, for some positive Cq. 
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Let = min{i > : L^+i = oo}. Then N has a geometric distribution with parameter 
2p — 1 and for m > 1 

oo 

P(S(0, m)) = P{Lj >m\N = j)P{N = j) 

oo oo 

where K(e) := E(e^^^'^~-'"°^\Li < oo) — ?■ 1 as £ — ?■ 0. This imphes the statement of the 
lemma. □ 

Lemma A.l. Let z e Z and u G {V{z,uj) > x} n {Z^ > 0}. Then 

Qy{iy{z) > 1) < e-^ 

Proof. This is an obvious statement, which says that to return to z it is necessary not 
to get absorbed when leaving z after the first visit. Formally, using the strong Markov 
property of the killed random walk we get 

Q-(£,(z) > 1) = P,^iiyiz) > 1 I r, < oo) < 

^o"(^f < r, I r, < oo,r, < oo) = P,"(rf < r, | r, < oo) = 

P^Ty < oo I rP < ^ < ^ ^ p.. (2) ^ . < □ 



P-(r, < oo) 



Proof of Lemma 5.4 ■ Part (a) follows from Lemma fA.ll For (b), by the Markov property 
we have 

puj,Xi+r(j- < OO I r <rl 
Qt'^^'^^ir.. < Ty) = P-'^-^(r,, < Ty) [ry<oo\r^^<ry) 

^ P^'^i + r{Ty < oo) 

< ^->^r- P'^''^'{Ty < oo) ^ |_| 

- pUJ,X,+r(^^^ < oo) ~ 

Proof of Lemma \5.5[ Since Zo,j, < Zj^, we only need to show that 

liminfi^^>-/3. 

J/-5-00 y 

By comparison with a simple symmetric random walk (see Lemma f5.7p . we have that 
for P-a.e. u e {Z!^ > 0} 

Qyiry < To^'^) > P%ry < 4'^) = 1. 

Therefore, 

This finishes the proof. □ 
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Proof of Lemma \5.7[ This is a consequence of the strong Markov property of the killed 
random walk. 



Q^{L{z) >m) = 

X P°(4(2) > m) = P°(4(z) > m). □ 

The following follows from basic properties of simple random walks. 
Lemma A. 2. Let < Xi < X2 < y and ( = max{n : < n < Ty, Sn = Xi}. Then 

(A.l) E' (e-^"^-V'^(^"'-)) = (^e-S"^-VV(s„,.) I ^(2) > ^^^j _ 

Proof of Lemma [3761 Let C = max{n : < n < r^^, Sn = 0}. Then 



E (^^e- J^-o' v-cs^.c.) j E (^(e- S?=o' l^^t^,^^^^ 



2?/P(5). □ 



Finally, we turn to the expected (with respect to Qy) total time spent by the random 
walk below —R. Whenever the event A depends only on the random walk, we can 
rewrite Qy{A) as follows: 

Q»'-^)= j;o(,-E...A.-(>.W)) ■ where A.M:=-logEe-"'<»). 

Lemma A.3. For each R > /3y(l)/Ay(l) — 1 there is ac> such that for all sufficiently 
large y 



(A.3) 



z<-Ry 
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Proof. Let R > /3y(l)/Ay(l) - 1. Choose e > so that Ay(l)(i? + 1) > + £■ 

Since Zy > e~('^^(^)+^/^)^ for all sufficiently large y, we get 



oo 



z<—Ry z<—Rym=l 



oo 

^ z<—Rym=l 

oo 

z<—Ry m=l 

z<—Ryin=l ^ ' 



oo 



z<—Ry m=l 



Since for z < 

)0 



P"(£Jz) > m) = 1 - , , , 

^y^^- ^ ^ 2{y+\z\)J y+\z\ 



we obtain 

oo oo ^ -. \ m—1 

Y P%iy(z) > m)e-^^('") = y Ee-™^ ( 1 - , , „ ) 

m=l ^ ' ' m=l ^ 11^/ 



" eI r" . J =Ef „ I<2y. 



Therefore, 



g-Ay(l)(|^|+j/-l) 



z<—Ry z<—Ry 

oo 



1 _ e-^^(i) 

< g-(Av(l)(fl+l)-/3v(l)-eb 

for all sufficiently large y. □ 
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